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On the Capacity of MIMO Relay Channels
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Abstract—We study the capacity of multiple-input multiple-
output (MIMO) relay channels. We first consider the Gaussian
MIMO relay channel with fixed channel conditions, and derive
upper bounds and lower bounds that can be obtained numerically
by convex programming. We present algorithms to compute the
bounds. Next, we generalize the study to the Rayleigh fading
case. We find an upper bound and a lower bound on the ergodic
capacity. It is somewhat surprising that the upper bound can
meet the lower bound under certain regularity conditions (not
necessarily degradedness), and therefore the capacity can be
characterized exactly; previously this has been proven only for
the degraded Gaussian relay channel. We investigate sufficient
conditions for achieving the ergodic capacity; and in particular,
for the case where all nodes have the same number of antennas,
the capacity can be achieved under certain signal-to-noise ratio
(SNR) conditions. Numerical results are also provided to illustrate
the bounds on the ergodic capacity of the MIMO relay channel
over Rayleigh fading. Finally, we present a potential application
of the MIMO relay channel for cooperative communications in ad
hoc networks.

Index Terms—Cooperative communications, ergodic capacity,
multiple-input multiple-output (MIMO), relay channel.

1. INTRODUCTION

IRELESS networking constitutes an important com-

ponent of future information technology applications.
Recently, the use of multiple antennas at wireless transmitters
and receivers has been identified as an enabling technique for
high-rate multimedia transmissions over wireless channels.
Although the point-to-point multiple-input multiple-output
(MIMO) channel is relatively well understood (particularly
the information-theoretic aspects therein), the general area of
multiuser MIMO communications, i.e., the field of commu-
nications involving a network of many users using multiple
antennas, is still at a stage of its infancy and poses a rich set of
challenges to the research community.

We consider MIMO relay channels because this application
has great potential in wireless networks. For example, for trans-
missions from a base station (access point) to users, relay sta-
tions can be exploited to relay messages for end users. The mo-
tivation for using relay stations can be simply put as follows.
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1) In a cellular network, direct transmissions between the base
station and users close to the cell boundary can be very expen-
sive in terms of the transmission power required to ensure reli-
able communications; and 2) existing RF technologies typically
can accommodate only one or two antennas at the user end, in-
dicating that current wireless systems cannot fully benefit from
promising space—time techniques. By making use of relay sta-
tions (which can accommodate multiple antennas) to relay the
message, the channel is effectively converted into a MIMO relay
channel. Another example is to utilize relay nodes for coopera-
tive communications in ad hoc networks, where the nodes close
to the active transmitter and the receiver can relay data packets
from the transmitter to the receiver. In a nutshell, relaying in
wireless networks is garnering much attention (see, e.g., [18],
[31], [12], [27], [10], [17]). Notably, some interesting cooper-
ative schemes have recently been investigated (see [14], [15],
[21], [22], and the references therein).

In this paper, we study the channel capacity of MIMO relay
channels. As illustrated in Fig. 1, a three-terminal relay channel
can be viewed as a hybrid of a broadcast channel (BC) and a
multiple-access channel (MAC). For the relay node, a key as-
sumption is that it works in a full-duplex mode. In a MIMO
relay channel, both BC and MAC parts are vector channels,
making it nontrivial to derive bounds on the channel capacity.
Indeed, because the vector BC is not degraded in general, the
corresponding channel capacity region is challenging to char-
acterize. Notably, this problem has been solved by very recent
work [29]. It has also been studied in [25] by using the duality
technique, which establishes a dual relationship between the
Gaussian MAC vector channel and the BC vector channel. The
sum rate of the Gaussian vector BC channel has been studied in
[26], [32], [2]. The capacity region of the MAC channel is rela-
tively better understood (see, e.g., [30], [3], [20], [33]).

We first consider capacity bounds on the Gaussian MIMO
relay channel with fixed channel gains. We derive upper bounds
and lower bounds, and discuss the corresponding codebook
structures. We note that the upper bound for a general relay
channel in [4] involves maximization over the joint (multidi-
mensional) distribution of the codebooks at the source node
and the relay node, and in general, the corresponding char-
acterization for vector channels is highly nontrivial. In this
paper, we derive an upper bound involving maximization over
two covariance matrices and one scalar parameter p. Loosely
speaking, parameter p “captures” the cooperation between the
transmitted signals from the source node and the relay node.
Moreover, using p leads to a simplified upper bound and enables
us to solve the maximization problem by convex programming.
Next, we give a lower bound by finding the maximum between
the capacity for the direct link channel (from the source node to
the destination node) and that for the cascaded channel (from
the source node to the relay node and from the relay node to
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Fig. 1. MIMO relay channel.

the destination node). We present algorithms to compute the
bounds accordingly. We also provide in Appendix B another
lower bound by using the water-filling technique.

Next, we generalize the study to a more interesting case—the
Rayleigh fading case. We focus on the ergodic capacity of the
MIMO relay channel, assuming receiver channel state informa-
tion (CSI) only. It is somewhat surprising that the upper bound
can meet the lower bound under certain conditions (not neces-
sarily degradedness), indicating that the ergodic capacity can be
characterized exactly. Thus motivated, we investigate conditions
for capacity achievability. In particular, we identify sufficient
conditions to achieve the ergodic capacity when all nodes have
the same number of antennas; and our intuition for this finding
is as follows. The source node and the relay node can function as
a “virtual” transmit antenna array when the relay node is located
close to the source node, thus making it possible to achieve the
capacity.

We note that the findings on the ergodic capacity point to
independent coding strategies at the source node and the relay
node. Such independence of coding strategies is due to the
channel uncertainty (randomness) at the transmitters. Com-
pared to the direct link, the relay channel offers a significant
capacity gain, thanks to the multiple-access gain from the MAC
part and the multiuser broadcast gain from the BC part. We note
that both the multiple-access gain and the broadcast gain benefit
from the full duplexity at the relay node. Needless to say, a key
step to reap the capacity gain is to develop coding strategies for
the cooperative MAC and the cooperative BC. We also provide
numerical examples to illustrate the upper bound and the lower
bound on the ergodic capacity. Motivated by the capacity gain
by using the relay node, we finally discuss the utility of the
MIMO relay channel in cooperative communications in ad hoc
networks.

During the final stage of our preparation for this paper, we
were informed of independent work [13], which presents an
elegant proof for the independence of the signals from the
source node and the relay node for the fading case. Building
on this result and our preliminary works [27], [28], we have
obtained the results in Theorems 4.1 and 4.2. As noted above,
we have also investigated in depth the sufficient conditions
for capacity achievability for two interesting cases, i.e., the
high-signal-to—noise-ratio (SNR) regime and the scalar case.
Loosely speaking, our capacity results for the Rayleigh fading
case can be viewed as a generalization of Theorem 2 in [12].

Throughout this paper, we use E to denote the expectation op-
erator (in some cases, subscripts are used to specify the random
variable); “1” stands for the conjugate transpose; I ; denotes an

) 4

N

identity matrix; O is an all-zero matrix of proper dimensions; the
distribution of a circularly symmetric complex Gaussian vector
with mean g and covariance matrix X is denoted as CN (, ¥);
=<, <, >, and > are used in the matrix positive (semi)definite
ordering sense [11].

The rest of the paper is organized as follows. In Section II,
we present the system model. We derive in Section III upper
bounds and lower bounds on the capacity of the Gaussian
MIMO relay channel with fixed channel gains. Next, we gen-
eralize the study to the Rayleigh fading case. We present in
Section IV an upper bound and a lower bound on the ergodic
capacity and give numerical results for different SNR cases.
We then discuss sufficient conditions for achieving the ergodic
capacity in Section V. Finally, a potential application of the
relay channel in cooperative communications in ad hoc net-
works is discussed in Section VI.

II. SYSTEM MODEL

Consider a general MIMO relay channel where the received
signals at the relay and destination nodes can be written as

Y, = ynH. X1+ 2, )
Y = (mHX:+ /n3H3X2+ 2

where

* X, X5 are M; x 1 and My x 1 transmitted signals
from the source node and the relay node; the power con-
straints on the transmit signals are E(X ];X 1) < M and
E(X ;X 2) < Mpy;

*YandY; are N x 1 and N1 x 1 received signals at the
destination node and the relay node. We assume that
— the relay node has two sets of antennas, one for recep-
tion and the other for transmission. That is, the relay
node operates in the full-duplex mode;

— since the relay node has full knowledge of what to
transmit therein, it can cancel out the interference
from its own transmit antennas at its receive antennas.

b Hl, HQ, and Hg are N1 X Ml, N x Ml, and N x M2
channel gain matrices, as depicted in Fig. 1. In what fol-
lows, we consider two scenarios for the channel matrices:

— all the channel matrices are fixed and known at both
the transmitters and the receivers;

— all the channel matrices are random and independent,
where the entries of each matrix are independent and
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identically distributed (i.i.d.) complex Gaussian vari-
ables with zero mean, independent real and imagi-
nary parts, each with variance 1/2, and they are avail-
able at the corresponding receivers only (i.e., receiver
CSI only).

* 11, 12, and 73 are parameters related to the SNR [16]

_ SNR,

_ SNR»
mn= M,

_ SNRy
T2 = Ml 9

3 = M,

©))

where SNR; and SNRj, are the normalized power ratios of
X to the noise (after fading) at each receiver antenna of
the relay node and the destination node, and SNRj is the
normalized power ratio of X5 to the noise at each antenna
of the destination node;

e Z and Z are independent N x 1 and Ny x 1 circularly
symmetric complex Gaussian noise vectors with distribu-
tions CA/(0, In) and CN(0, Iy, ), and are uncorrelated
to X1 and X5.

III. CAPACITY BOUNDS: THE FIXED CHANNEL CASE

In the following, we derive upper bounds and lower bounds
on the capacity of the Gaussian MIMO relay channel with fixed
channel gains.

A. Upper Bounds and Lower Bounds

Recall from [4] that the channel capacity of a general
Gaussian relay channel is upper-bounded by

C% < max min(I(X1;Y,Y1|X2), I(X1,X2Y)) (3

T p(x1®2)

where the first term in min(+, -) can be treated as the sum rate
from the source node to the relay node and the destination node,
corresponding to a BC part; and the second term can be viewed
as the sum rate from the source node and the relay node to the
destination node, corresponding to a MAC part. Indeed, (3) has
an interesting max-flow min-cut interpretation [5], as illustrated
in Fig. 2. Roughly speaking, the rate of the information flow
transmitted on the relay channel is constrained by the bottle-
neck corresponding to either the first cut (BC) or the second one
(MACQ).

Without loss of generality, let X; and X5 be random vec-
tors with zero-mean and covariance matrices X;;, defined as
¥, = IE[X,L-XI-] for 7,7 = 1,2. Throughout, we assume that

det(X22) > 0 and det(X11) > 0. Define A = 2;1%2122;2%.
First, we need the following lemmas (the proof of Lemma 3.1
is relegated to Appendix A).

Lemma 3.1: There exists p € [0, 1] such that

I—-AA" < (1-p*)I, @

and the equality can be achieved by a matrix X, € CMi1*M:
when M; < M.

31

BC MAC

Fig. 2. 'The relay channel: max-flow min-cut.

Intuitively speaking, Lemma 3.1 reveals that for any given
Y11 and Y95, we can find codebooks for X; and X5 such that
the covariance matrix X4 satisfies the following inequality:

0 j 21_17 (211 - 21222_21221) 21_1E j (1 — pz)IMl.

Furthermore, if M; < M, then for any given p € [0, 1], there
exists Y15 such that the equality is achieved.

Lemma 3.2: For any two complex random vectors V and W,
Y a > 0, we have that

E(VW! + WV <E <3VVT 4 aWWT> )
a

the equality is achieved if V = aW.

The proof follows simply from the fact that the covariance
matrix of a random vector (V —aW) is always positive semidef-
inite. That is,

Cov(V - aW) =E (VVI + a2wwT)

— aE (VWT + WVT)
> 0.

Let V = /i H B ASS) Xy and W = /i H; X, 1t fol-
lows that

EVW + wvT) = 772773H2212H;];
t T
+ /M21M3 (H2212H3)

EVV' + WW') = Ho55, 44T S? HI
+ 7]3H3222HI .

If signals X; and X, are chosen such that AAT = pI s, , then
|E(If‘7T + WWT> = pQT]QHQS:llHl + 7’]3H3222Hl.

Applying Lemma 3.2, for V @ > 0, we have that

T
\/772773H2212H;,L + /N2113 (nglel)
2
= %772].122111{;[ + a’l]gHgEgng. (6)

It is clear that the optimal distribution p(z1,z3) in (3) is
Gaussian [4], [24 ] (see, e.g., Step (b) following (19) and
Step (a) following (22)). Observe that if Gaussian codebooks
are applied, the maximization problem on the RHS of (3)
would be with respected to three covariance matrices Y11,
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Y92, and X¥i5; and this is nonconvex and highly nontrivial
in general. In Lemmas 3.1 and 3.2, we use one parameter p
to capture the correlation between X; and X, (in contrast
to the cross-covariance matrix X12), and this enables us to
solve the optimization by convex programming techniques (in
Appendix A, we present the definition for p). In what follows,
we present our results for the upper bound on the capacity of
Gaussian MIMO relay channels.

Theorem 3.1: [Fixed Channel Case] An upper bound on the
capacity of the MIMO relay channel is given by

max
0<p<1, 1,822

cC<0of =

upper

min (C{, C§) (D)

where tr(21;) < My, tr(22) < My; CF and CF are given by

ClG élog [det <IJ\11 + (1 — /)2) |:\/\/Z:;g;:|

ligh])] o

2
oy 2 inf log ldet (IN + <772 + %\/7&773) 15[221115112L

+ (n3 + a\/7]2773)H3222H1>‘| )]

Remarks: To find the upper bound, we need to characterize
the optimal input covariance matrices ¥1; and Xso. Define

Jo(B11, oz, p) 2 min (Cf »Czc) .

It can be seen that C'7 is concave in £; and that C§’ is con-
cave in (X171, X9). It follows that min(C{, C§) is concave in
(211, X22) [1]. More precisely, for a given p, the upper bound is
concave in (X1, X92); and it can be found by convex program-
ming. In what follows, we present an algorithm to compute the
upper bound.
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Algorithm I (Continued)

4. Compare all the values of fo(-, -) associated with
{p1,p2,...,pm}, and find the largest and identify the
corresponding optimal parameters py, 11 and Xo»;

5. Quantize [p;_,,p}, ] and go to Step 2 using

{Phe1 + Ap1, p—y + Ap2ye o pimy + App}

for a new search;

6. Compare the refined results from the new search with the
old ones. If the error requirement € is met, end the proce-
dures; otherwise, go to previous steps for another new
search.

Algorithm I

1. Carry out a quantization of interval [0, 1], and denote the
corresponding set of (ascending) values as
{p1.p2:- - pm};

2. For a given p;, apply convex programming to find the op-
timal value of fy(-, -) and corresponding optimal ¥;; and
Y59, by solving the following optimization problem:

maximize f0(211, 222)
subjectto  tr(¥q;) — My <0,

Y120, Xy >0

tr<222) - My <0

3. Pick another p; and repeat Step 2. Go to the next step when
the set {p1, p2, .- ., pm} is exhausted;

A few more words on Algorithm I. Since there is no a priori
information about p in the initialization step, the quantization is
equal-span. After the first iteration, we choose the “best guess”
of p (namely, p},), and then refine the search around it. To guar-
antee the convergency to the optimal point, the quantization
level m should be reasonably large (e.g., m > 10).

In the above, we use p to capture the correlation between
signals transmitted from the source node and the relay node.
Now, we discuss the structure of the corresponding codebooks.
We can rewrite the transmitted signal X as

X=X+ P NP &

with I~(10 2 X, —21222_21)(2. Observe that )Nflo is independent
of X 5. Intuitively speaking, the vector signal X ; can be decom-
posed into two orthogonal parts, which are independent of each
other. The second part, £15%5, X5, stands for the projection of
X1 onto the direction of X 5. Thus, X; = X9 + 21222_21X2
can be viewed as a generalization of [4, Theorem 5].

For the special case where all the channel coefficients are
scalars (denoted as hiy, ha, and hs, respectively), we have that
Y11 = Y99 = 1. Accordingly, we have that

CY =log [1+ (1 - p?) (m|h1]* + ma|ha|?)]

and

2
g 1+ maltal? + ltal? + s (% Vil + altal?)|
> log [1 + ma|ha|? + n3|hs|® + 2p/m2ms| hallhs|] . (10)

It follows that

C§ =log [1 4 n2|ha|® + ns|hsl? + 2p\/mams|hollhs|] (11)

which boils down to a result in [6].

Consider channel models where the relay node may or may
not be used to aid the transmissions. If not used, the channel
becomes a point-to-point Gaussian MIMO channel. On the other
hand, if the relay node is used to aid the transmission and the
destination node treats the information directly from the source
node as noise, the channel boils down to a cascaded channel.
We have the following lower bound by finding the maximum
between the information rates for the two channel models.
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Theorem 3.2: [Fixed Channel Case] A lower bound on the
capacity of the Gaussian MIMO relay channel is given by

C% > Cf. .. =max (C’ﬁ min (C:?, C’f)) (12)
where
Cf £ maxlog [det (IN + UZHZEHH;)] (13)
Cf 2 Hzl?,lxlog [det (IN1 + 771H1211HJ{)} (14)
cf & max log ldet (IN + nsH3%0HY
x (In+ nQsz’;lH;)l)] (15)
with

£ £ argmaxlog [det (IN1 + mHlEllHD} )

31120

We outline the procedure to compute the lower bound
as follows:

Algorithm I

1. Use the water-filling technique to find C§' [24];

2. Use the water-filling technique to find C§* and the corre-
sponding optimal X7;

3. Substitute 7, into (15) to find C§' by using the water-
filling technique.

In Appendix B, we provide another lower bound by using the
fact that the following rate is achievable for any given distribu-
tion p(z1,x2) [4]:

R:mm(I(Xl,YﬂXQ)/ I(XLXQ,Y)) (16)

‘We note that this lower bound does not admit to a closed-form
solution, but it may yield a tighter bound.

B. Proofs of Theorems 3.1 and 3.2

Proof of Theorem 3.1:
Proof: Define

e [ Vi)

Given X5 = &5, we can rewrite the channel model as follows:

|

% 7)

Z, ]
Z + \/nsH3zzs |-
The sum rate of the corresponding BC channel is given by
I(Xl;Yl,Y|X2)
= h(Yh Y|X2) — }L(Yh Y|X17X2)
@, [h(Y1,Y|Xs = 25)] — h(Z1, 2)
= Eq, [(Y1,Y]X5 = 25)]
— log((re) VN det(In, +x))

33

Ve H
— T2 g (ﬂ—e)

caa (e ([ ;] r=)) )

— log((we)N1+N)
© E., |log (d (I-I— H122X1|X2212HI2))]
i [det (I + HpX 1%

(I 211 212222 222 2122 %) EllHJ{Z)}

(18)
1 1
—log [det (I + Hi,%5, (1 - A4T) £} HY)]|
(e) 5
S log |:th (I+ (1 — p2) H12211H|12>j| 5 (19)
where
(a) follows from the definition of conditional entropy;
(b) from the fact that circularly symmetric complex
Gaussian distribution maximizes entropy [24];
(¢)  from the fact that
Cov <|: ;, :| XQZIBQ) :COV(H12X1|X2:$2)
1
Z
C
(PR )
which is based on that given Xo = =z, the vector
[;,[ is the sum of two independent circularly sym-
1
metric complex Gaussian vectors;
(d) is because that ¥x,|x,—s, is the conditional covari-
ance matrix of X given that X5 = x5, and
2X1|X2 =z
=B - T2, B,
=X (I - E1_1521222_2522_2521221_15) h
which is independent of z5;
(e) from the following proof.
Applying Lemma 3.1, we have that
0=<1I—AA" < (1—p*)Iyy,.

Then, by [11, p. 470]
H;p% (I - AAT) 2151H1{2 <Hp;p %5 (1 - P2) IA[12151H'{2
= (1 — p2) H12211HT12.
It follows that
I+H,87 (I - AAT) B2 H], < I+(1 - p?) Hio%h HY,.

Observing that both sides in the above expression are positive
definite, we have that

0 < det (T + H.,%?, (1-a4") 2§1H12)
< det (I+ (1= p?) HuEuHl,).
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‘We conclude that
log [det (I+ H.,%3, (1-a4") 2%1H{2)]
< log [det (I+(1—p2) Huaniz)]
In summary, we have shown that
I(X1;Y1,Y|X5) < log [det (I+ (1-p?) Huan}?)] .
(20)

Next, we turn the attention to the sum rate of the MAC part.
Observe (21) and (22) at the bottom of the page, where
(a) from the fact that the circularly symmetric complex
Gaussian distribution maximizes entropy [24] as men-
tioned before;
(b)  can be shown as follows. First, by Lemma 3.2, we have
that forVa > 0

T
\/7727]3H2212H;]; + /1213 (H2212Hi)

p? T t
= ;ﬁ2H2211H2 + ansH3X0Hj.

Next, following the same procedures as above, it is easy to show
that

log |:th (I+ 7]2H2211Hl + 7]3H3222Hl
+\/772773H2212Hl + \/772773H3221H;)}

<log

det <I + 77211221111%L + ﬁsHazzzHI

2
+ %\/772773H2211HI + a\/7727]3H3222H;,L)

Finally, taking the infimum on both sides yields (22). O

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 1, JANUARY 2005

Proof of Theorem 3.2:
Proof: 1If there is no relay node, the channel is a point-to-
point MIMO channel, and the corresponding channel capacity
is given by

C§ £ maxlog [det (IN + n2H2211H;)} NCX)
11

Consider the case where the destination node treats the signal
from the source node as noise. In this case, the source node
optimizes its transmission only for the source—relay link, and
the relay node optimizes the transmission corresponding to the
relay—destination link. That is, the channel boils down to a cas-
caded channel. The following information rate is achievable for
the source—relay link:

C’f = max log [det (IN1 + 771H1211H1{)} (24)
11

and the corresponding optimal covariance matrix is X7;. For
the relay—destination link, the received signal at the destination
is distorted by both noise and the signal from the source node.
Since the (optimal) signal from the source is also Gaussian, with
covariance matrix X7, the covariance matrix for noise plus the
source signal is Iy + mHoX H 1, Therefore, the achievable
information rate for the relay—destination link is given by

cf

max log [det ((IN + nzHQZLH; + 773H3222H§)

22

-1
X (IN +7]2H22>1k1H£) )‘|
= lel:aX IOg |f1€t (IN + 7]3H3222H§

* T -1
X (IN+T]2H2211H2) . (25)

O
The lower bound follows by combining (23) with (24)
and (25).

I(X1X2,Y) :}L(Y) - }L(Y|X17X2)

—h ([WTQHQ, JisH3] [%] + z) — W(2)
=h ([mHz, VisH3] [%] + z) — log [(me)™ det(Iy)]

@ T
< log

(®)

2
= ;I;f(‘] log [det <I—|— <772 + %m> 1"122111"1;L + (3 + a\/W)HfSEZ?Hz)]

(re)™ det (cov ([\/U—QHQ, JsH) [%] + Z) )} — log((me)™)

[ )
= log | det (I+ [Vi2H2, \/11sH3] {2;

= log det (I + 7]2H2211HI + 7]3H3222H1 + \/7]27’]3H2212HI + \/7]2773H3221Hl)i|

SlE)

2
< if;% log [det <I+ 772H2211H]2L + 773H3222I'I;,L + i \/7727]3H2211Hl + a\/772773H3222Hl>]

Yoo \/77_3H§
2D
a
(22)
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IV. CAPACITY BOUNDS: THE RAYLEIGH FADING CASE

Now consider channel models where all the channel gain ma-
trices are random, and suppose that the channel gains are known
at the corresponding receivers only. In this scenario, we study
the ergodic capacity of the MIMO relay channel with receiver
CSI only. Simply put, the ergodic capacity is the highest achiev-
able data rate by coding the transmission symbols over infinitely
many blocks [34, p. 11].

Theorem 4.1: [Rayleigh Fading Case] An upper bound on
the ergodic capacity of the MIMO relay channel is given by
ch<cl .. =min(Cf, CF)

upper

(26)
with
Cf 2Eglog [det (Lus, + mH{H: + i HLH )| 27)
Ol 2 Eglog [det (Iy +mH.HY +nsHoHL )| 29)

where the expectations are taken with respect to channel ma-
trices H{, Ho, and H 5.

Proof: Because of fading, the channel matrices are now
random. Then it follows that

CR S CR

upper

= haX Hlin(EHI(Xl;Y7Y1|X27H17H2)7

p(z1,%2)

[EHI(X17X2;Y|H27H3)) (29)

where the expectations are taken with respect to corresponding
channel coefficients.
In the proof for Theorem 3.1, we have shown that
cé min (C7, C4)

upper — , IMax

11 1222 7212

(30)

C! 2 log [det (I +Hyp (211 - 21225212'{2) Hh)} Gl
log [det <I+ H; [gn
21

with Ho3 £ [\/moHo, \/i3H3).

Observe the power constraints on input signals

S
>

(32)

E (X'{X1> = tr(Zn) S M1
and

E (ngz) = t1(Sa2) < Mo.

Then it follows that

Y1 B
tr <[221

Yoo
Along the same lines as in [13], we conclude that the optimal
signal covariance matrices which maximize Eg(CY%) are iden-
tity matrices, i.e., 11 = I, Yoo = Iy, and X159 = 0.
Therefore,

Ex(Ch) <Eglog [det (1 + H23H§3)]

=Exlog [det (Ty + mHoHY + ngHng)] .
(33)

D = tr(X11) + tr(Baea) < My + Mo.

35

Note that H1,%1,85; 81 HT, is nonnegative with proba-
bility 1 [9, Theorem 3.2]. Along the same line of the proof of
Theorem 3.1, we have that

En(C}) < Eplog [det (I+ HioSuH, )|

Furthermore, by [24, Theorem 1], ¥1; = I, can also maxi-
mize the RHS of the preceding equation. We conclude that the
covariance matrices that maximize E g (CY) can also maximize
Eu(C}), ie.,

Ex(C]) <Eglog [det (I—I— H12H1{2)}

det (T +mHUHy +mHIH )|
(34)

—

:EH log

In a nutshell, the mutual information rates in (29) are max-
imized by choosing X; and X to be independent circularly
symmetric complex Gaussian vectors with X117 = Iy, , X0 =
IMQ,and 212 =0. O

In what follows, we present a lower bound on the ergodic
capacity.

Theorem 4.2: [Rayleigh Fading Case] A lower bound on
the ergodic capacity of the MIMO relay channel is given by

CR > CF .. = max (CF, min (CF, CF)) (39

with
CF 2Eglog [det (IN + o HH 5)} (36)
Cf 2Eglog [det (In, +mH:H])]  G7)

where the expectations are taken with respect to corresponding
channel matrices.

Proof: Based on [4, Sec. V1], the following rate is achiev-
able by using block Markov coding:

R= (max)min(I(Xl;Y1|X2)7I(X1,X2;Y)). (38)
p(Z1,x2
Since the receivers have full CSI, it follows that
I(X;Y|X,) =Eg[I(X1;Y1]|X2, Hy)] (39
I(XLXQ,Y):[EH[I(XLXQ,Y|H21H3)] (40)

where the expectations are taken with respect to the corre-
sponding channel matrices. Note that

I(X1;Y 1| X5, Hy)
< log [det (1 +H, (211 - 2122;21212) HI)] .

Let X; and X5 be independent circularly symmetric complex
Gaussian random vectors with X117 = I, X9 = Iyy,, and
Y12 = 0. Then, the lower bound in (35) follows along the same
line of the proof of Theorem 4.1. O

Remarks: Interestingly, Theorems 4.1 and 4.2 reveal that
in a Rayleigh-fading channel, the corresponding codebooks at
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Fig. 3. Capacity bounds versus SNR, for the case 71 = 12> = 3.

the source node and the relay node are independent, i.e., X1
and X are independent. (As shown later, the upper bound
and the lower bound can “converge” under certain conditions,
indicating that the ergodic capacity of the MIMO relay channel
can be characterized exactly.) In contrast, X; and X are cor-
related for the fixed channel cases. Indeed, the capacity of the
MAC part is achieved when the source node and the relay node
have “complete” cooperation for the fixed channel case [4].
Our intuition for this finding is as follows. Since we consider
the relay channel with receiver CSI only, the transmitters have
no knowledge about the channel realizations. As a result, the
optimal codebooks at the source node and the relay node are
independent, due to the channel uncertainty at the transmitters.
Intuitively speaking, it is the uncertainty (randomness) of H
and H, at the transmitters that makes X; and X5 independent.

Recall that in a single-user MIMO channel with receiver CSI
only, the capacity is achieved when the power allocation across
transmit antennas is equal and the signals are independent [24,
Theorem1]. If we treated the relay node and the source node
as an antenna-clustering transmitter [7], the optimal signaling
would indicate independent signals across transmit antennas.

It is clear that the communications between the source node
and the destination node can be improved by using relaying (see,
e.g., Case Il in Section IV-A). From (27) and (28), the capacity
gain for the MAC part is due to the multiple-access gain; and the
capacity gain for the BC part originates from the broadcast gain.
Needless to say, a key to reap the capacity gains is to develop
coding strategies for the cooperative MAC and the cooperative
BC therein.

A. Numerical Examples

We now illustrate via numerical examples the bounds in
Theorems 4.1 and 4.2. For the sake of clarity, we consider the
case where the numbers of antennas at all the transmitters and
receivers are equal (e.g., in ad hoc networks, all the nodes are
equipped with identical RF devices). We study the upper bound
and the lower bound with different SNR parameters (namely,
M1, M2, and n3). The SNR parameters play a key role in the
upper bound and the lower bound. In what follows, we study
three cases with different SNR parameters. The number of the
antennas is assumed to be two in all cases, and 72 = SNRy/2,
with SNR, being the SNR for the direct link.

Case I: 1In this case, 771 = 12 = 73; this models the scenario
where the source node, the relay node, and the destination node
are separated by equal distances. Fig. 3 depicts the upper bound
and the lower bound.

Case II: 1In this case, n1 = 19 and n3 = 1019, which “cap-
tures” that the relay node is closer to the destination node than
to the source node. Comparing Fig. 4 with Fig. 3, we observe
that the upper bound and the lower bound for Case I and Case 11
are the same. We will elaborate further on this in Section V (see
Lemma 5.3).

Case I1I: In this case, ne = 13 and 71 = 1072, which “cap-
tures” a scenario that the relay node is closer to the source node
than to the destination node. Surprisingly, as shown in Fig. 5,
the upper bound and the lower bound “converge.” That is to say,
the ergodic capacity of the MIMO relay channel over Rayleigh
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fading can be characterized under this SNR condition. We will
discuss in Section V sufficient conditions under which the er-
godic capacity can be achieved.

V. DISCUSSIONS ON CAPACITY ACHIEVABILITY

The Gaussian MIMO relay channel with fixed channel
gains can be viewed as a vector generalization of the classical
Gaussian relay channel in [4], and is not degraded in general.
Characterizing the corresponding capacity remains open. In
the following, we turn our attention to the fading case. Specif-
ically, we investigate in Section V-A sufficient conditions that
give exact characterization of the ergodic capacity. Since the
ergodic capacity involves expectations with respect to random
matrices and does not admit an “explicit” expression, we study
in Section V-B the high-SNR regime and use approximations
to identify SNR conditions for achieving the capacity; in
Section V-C, we examine the scale case, for which we derive
explicit conditions for capacity achievability and the explicit
capacity expression.

A. Regularity Conditions for Capacity Achievability

In Section IV, we have presented a lower bound and an upper
bound on the ergodic capacity of the MIMO relay channel and
also provided numerical examples for different SNR cases. In-
terestingly, the upper bound and the lower bound in Fig. 5 “con-
verge,” which indicates that under certain regularity conditions,
the ergodic capacity of the MIMO relay channel can be charac-
terized exactly. Indeed, we observe that in (26) and (35), there is
a common term C£*. If CF is smaller than both CF and C%, the
ergodic capacity of the MIMO relay channel is given by C¥. We
state this important observation in the following proposition.

Proposition 5.1: It CE > CI and CIF > CE, then the
ergodic capacity of the MIMO relay channel is given by CF.

In what follows, we study the conditions in Proposition 5.1
in terms of SNR parameters. For tractability, we assume that all
the numbers of antennas are equal, i.e., My = My = Ny = N
(for simplicity, we use N to denote the number of the antennas).
We first need the following lemma.

Lemma 5.1: The upper bound on the ergodic capacity of the
MIMO relay channel is C, if n; > 3.
Proof: Under the assumption on equal numbers of

antennas, it follows that H:rHi and HZ'H:r have identical
probability distributions, for ¢ = 1, 2, 3. Therefore,

Cf =Eplog [det (Iy +mH H{ + np H,H})|
=Eglog [det (IN +mHH} + nzHgHg)} .

The second equality follows the fact that H 1HI, HQHT,
and H3H g are ii.d. Wishart matrices, and accordingly
(H\H},H,H}) and (HsH}, H,H}) follow identical prob-
ability laws. Furthermore, since C{? increases monotonically
with 71, we have that Cft > CR if n; > ns. O

Lemma 5.1 gives the conditions under which the upper bound
is O It remains to examine when C¥ would meet the lower
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bound, that is, CJ* < CF (it is easy to show that C£ is always
greater than Cf), and thus, the ergodic capacity can be charac-
terized. In general, it is nontrivial to determine in terms of 7,
72, and 73 if Cf < C§ (except the scalar case), because the
ergodic capacity expressions involve expectations with respect
to random matrices. In light of this fact, we first find an upper
bound on CF and compare it with C. The following lemma
provides an upper bound on C¥*.

Lemma 5.2: Forany 7, > 0andnsz > 0
CF < Eglog [det <1N + ”2";—”3 (Hzﬂ;f + Hgﬂl)ﬂ :

Proof: First, we rewrite C£ as

. nly 0 [H}
C! _[EHlog{det<IN+[H2’H3][ 0 773INHH:ITJ, .

Along the same line of the proof in [24, Theorem 1], it can
be shown that if the total power is kept constant, i.i.d. input
signals with the equal power allocation can maximize the mutual
information. It then follows that

CF <Eglog [det <IN + [Ho, H3)

[y o
o mNenNp||H]

+ H!
=Eglog [det (IN—i- w [Hy, H3) [Hﬂ)} )

It is clear that the equality can be achieved if 73 = 73. ]

In Section V-B, we will derive sufficient conditions for
capacity achievability by combining Proposition 5.1 with
Lemmas 5.1 and 5.2, building on which we elaborate further
on the numerical results exhibited in Case III in Section IV-A.

Next, we present in Lemma 5.3 the conditions under which
the upper bound and the lower bound diverge. This sheds light
on the existence of the gap between the upper bound and the
lower bound in Figs. 3 and 4.

Lemma 5.3: If p1 = mo and 1 < ns, then the upper bound
on the ergodic capacity of the MIMO relay channel is C¥¥, and
the lower bound is C¥.

Proof: The first statement directly follows Lemma 5.1,
and it remains to show the second one. We have that

C;z =Eglog [det (IN + 7721-12}1;r + 773H3H1)]
(a) ;
>Eglog [det (IN + 7721;[2}12)}

(g)[EH log [det (IN + ﬁlHlHir)}

where (a) follows from the fact that H3H ;f > 0 with proba-
bility 1 [9, Theorem 3.2]; and gb) follows from the facts that

m = 12, and H1H| and HoH ), are i.i.d. random matrices, as
mentioned earlier. O
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Fig. 6. Capacity bounds versus SNR, for the case of 7> = n3 and n; = 3n..

Next, we examine two cases where the capacity-achieving
conditions can be expressed in explicit form.
B. Achievability of Ergodic Capacity: The High SNR Regime

In the high-SNR regime [19, Proposition 2], i.e., 71, 72, and
n3 are large, CI? can be approximated as

N N-—
where v ~ 0.57721566 is Euler’s constant. The same approxi-

mation can be applied to the upper bound on C4? in Lemma 5.2;
i.e.,

ne 41 N 2N-—j
R 2 3 - _
C, _NlogZ( 5 1n2 Z Z yN

Jj=1 p=1

03 ~ Nlog2(m) — 41

1
1P

(42)
Comparing the RHS of (41) with that of (42), we note that CZR <
C1 if the following condition holds:

1 X 2N—j 1
Nlog2 (772 +n3> —2;,9 ];H]; 3)
or equivalently
M > 9%-1 where q= 1 i 2§j - (44)
2 +n3 T In2 j=1p=N+1—j

Combining (44) with the conditions in Lemma 5.1, we have that
the ergodic capacity of the MIMO relay channel is C*.

Recall that in Section IV-A, Case III reveals a somewhat sur-
prising result that the upper bound meets the lower bound (in
Case I1I, 7o = 3 and N = 2). Based on (44) and Lemma 5.1,
it follows that if 7; > 3.211359 (which also implies 71 > 73),
then C§ < CE and CF < CE. That is to say, the threshold
value for this case is 3.2113, at which the upper bound and the
lower bound “converge.” Accordingly, in Fig. 5, where 71 =
10m2 and 12 = n3, the upper bound meets the lower bound and
the ergodic capacity is achieved. To elaborate further on this,
we present two different SNR parameters (cf. Case III in Sec-
tion IV-A). As shown in Fig. 6, when 1, = 37, the upper bound
is very close to the lower bound. Fig. 7 shows that the upper
bound “meets” the lower bound perfectly when 7; = 3.579, in-
dicating that the capacity can be characterized exactly.

C. Achievability of Ergodic Capacity: N = 1

If all the number of the antennas is one, the MIMO relay
channel boils down to a scalar relay channel. In this case

C3 =Eplog [1 + 12|ha|? + n3|hs|’]
C’;f’ =Eplog [1 + 771|h1|2] .
Since |hy|? has x? distribution with freedom of 2 (namely,

exponential distribution), and E (|h1]?) = 1, X £ 1|h1|? has
the probability density function

1 T
px(r)= —exp|(—-——1], x>0
m m
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We can find C£ by

1 [ 1 z
(o7 — In(1 4 z)— ex <——> dz. (45)
3 2/, ( )771 p m
Using the integral in [8, p. 568], we have that
1 1
CR=_—_—_¢wEi <——> 46)
In 2 m

where Ei(+) is the exponential integral function in [8, p. 875].
Next, consider the random variable Y £ 1 |hy|? + 13|hs]?.
Since E (|h2|?) = E (|hs]?) = 1, we have that

Vo1 —t t
py(y) = / —— exp <—y ) exp <——> dt
0 73 72

213

1 _ _y
= (e 2 — e 73) @7
N2 — 13
Hence, C¥ can be computed by
CE=__ [ @1+ (e‘% —e—%)d (48)
2 " n2 0 ( y) 2 —n3 Y

1 1 EN 1 EN 1
=— |:7]3€’73 Ei (——) — nee2 Ei <——)} .

In2mn —mn3 13 2
(49)

Combining (46) with (49), we conclude that if

E 1 1 1
|:773e ']13 Ei <__> - 77267712 El <__>:|
73 2

< en Ei (-i) (50)

m

N2 — 13

15 20 25 30
SNR, (dB)

Capacity bounds versus SNRs for the case of 772 = 13 and 1 = 3.57s.

and 77 > ns, then the ergodic capacity of the relay channel is

given by
1 1 1 1
5:— [nge%Ei <__>_772€%Ei <——>]
In2ny—n;3 73 72

VI. AN APPLICATION OF MIMO RELAY CHANNELS IN
COOPERATIVE COMMUNICATIONS IN AD HOC NETWORKS

In what follows, we explore the utility of the MIMO relay
channel for cooperative communications in ad hoc networks.
We consider ad hoc networks using the IEEE 802.11 CSMA/CA
standard. In such a context, the medium access control protocol
uses the RTS (request-to-send)/CTS (clear-to-send) handshake
to set up a communication link. More specifically, as shown in
Fig. 8, source node S transmits an RTS packet to request the
channel and destination node D replies with a CTS packet. If
the RTS/CTS dialogue is successful, S and D begin their data
communication, whereas all other nodes that hear either the RTS
packet or the CTS packet are kept silent for a specified duration.

A key observation is that the silent node (node R in Fig. 8
within the shaded area) can be exploited to relay information.
We use the capacity results on MIMO relay channel to charac-
terize the performance gain therein over the direct transmission
without relaying. The union of the transmission region of S and
D is the so-called RTS/CTS reserved floor; R would have been
kept silent while S communicates with D as RTS/CTS dialogue
dictates; d is the distance between S and D. Note that if R lies in
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Fig. 8. A sketch of RTS/CTS dialogue.

the shaded area depicted in Fig. 8, it would have a shorter dis-
tance to both S and D than d. Thus, during the communication
between S and D, R can function as a relay station to aid the data
transmission. Thus motivated, we call this shaded area a “relay
region,” because any silent node within such a region can act as
arelay node. Moreover, if R is equipped with multiple antennas,
S, R, and D form a MIMO relay channel.

Consider the Rayleigh-fading channel. Define the relative
gain of the capacity by using node R to relay data as

g2 (Cf-cf/ct

where CF is the relay channel capacity, and C'%! is the channel
capacity corresponding to the direct link given in Theorem 4.2.
Applying Theorems 4.1 and 4.2, we have that

—CR

upper

Cd

R R
C110we‘r — C{i < g <

51
CF (5D
Observe that 77; and 13 depend on the coordinates of the relay
node. Without loss of generality, let the coordinates of S, D, and
Rbe (—£,0), (£,0), and (c, B). It follows that

r qn

2
d/ (a-l—g) + (2

r qn

2
d/ <a— g) + B2

m ="n10 and

713 =130

where 7 is the path loss parameter in wireless links; and 119 and
730 are constants.

Since 771 and 13 change while the relay station moves, Clower
and Clypper are functions of («, 3) accordingly. Assume that R
occurs with equal probability at any position within the shaded
area (defined as A) depicted in Fig. 8. Then it follows that

L]
+g [ /( o, Gl pydads
=g [ [, CKoas

1

< min (CE(a.B). CF
- S / [a7 B)EAs ( 3 (a,ﬂ)/ 2 (067/3))
X dadf

upper -

41

where S is the area of A, given by S = %w — @) d?; and
Ay, Ay, Az, and Ay are areas defined as

AL £ {(a,p)Cf < CT YA
Ay £ {(a,p)|Cf > T} A
As £ {(a, B)|CF > min (G5, CF) } (1) A
Ay £ {(a,p)|CF < min (CF,C31) } () A.

By using the lower bound and upper bound on the ergodic ca-
pacity of the relay channel, we have the corresponding lower
and upper bounds on average relaying gain g
~ AR R
Cllgwer; Cf S g S CUPPCTR_ Cd
Cq Cq

1> ||l>

(1>

(52)

VII. CONCLUSION

The relay channel is a basic model for multiuser communi-
cations in wireless networks. In this paper, we first study ca-
pacity bounds for the Gaussian MIMO relay channel with fixed
channel gains. We derive an upper bound that involves convex
optimization over two covariance matrices and one scalar pa-
rameter p. Loosely speaking, parameter p “captures” the coop-
eration between the source node and the relay node, and leads to
solving the maximization problem using convex programming.
We give an algorithm to computer the upper bound. We also
present lower bounds on the MIMO relay channel capacity and
provide algorithms to compute the bounds.

Next, we consider the Rayleigh fading case. We give an upper
bound and a lower bound on the ergodic capacity. It is somewhat
surprising that the upper bound can meet the lower bound under
certain conditions (not necessarily degraded), indicating that the
ergodic capacity can be characterized exactly. In particular, we
identify sufficient conditions to achieve the ergodic capacity
when all nodes have the same number of antennas; and our in-
tuition for this finding is that the source node and the relay node
can function as a “virtual” transmit antenna array when the relay
node is located close to the source node, thus making it possible
to achieve the capacity. Then we study the sufficient conditions
under which the ergodic capacity can be characterized exactly.
We examine two interesting cases, namely the high-SNR regime
and the scalar relay channel case, and present the SNR condi-
tions for achieving the capacity. The capacity results we obtain
indicate independent coding schemes at the source node and
the relay node; and our intuition is that the channel uncertainty
(randomness) at transmitters results in such independence of
the codebooks. We finally discuss a potential application of the
MIMO relay channel in cooperative communications in ad hoc
networks by using the capacity results.

We are currently pursuing to generalize the study to the partial
transmitter CSI case.

APPENDIX A
PROOF OF LEMMA 3.1

Since X9o > 0, it follows from [11, 7.7.2] that
AAT =20 R,T )l e
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is positive semidefinite. Therefore, we have that
I-AA" <1y,

where “=<” is in terms of positive semidefinite ordering [11].
Given Xo = Z», the covariance matrix of X

Yx, | Xo=a, = X11 — 1555, Doy
is also positive semidefinite. It is easy to see that

T—AA" =% 7%y, x,-0, 511 = 0.
In summary, we have that
0<IT—AA" <1Iy,.
Thus, by the continuity of A in the vector space, there always
exists p € [0, 1] such that
I—AAT < (1= p)y,

or equivalently

AAT = 021, (53)

The equality in (53) can be achieved if M; < Ms.
The converse of Lemma 3.1 holds by the continuity. That is

to say, for a given p, there exists X1, such that AAJr = p?Iy,.

APPENDIX B
ANOTHER LOWER BOUND FOR THE FIXED CHANNEL CASE

Following [4], we can find another lower bound on the
capacity for the fixed channel case. By using block-Markov
coding, the following rate is achieved for any given distribution
p(&1, 22):

R:IHID(I(Xl,Y1|X2), I(Xl,XQ,Y)) (54)

Recall that the optimal distribution is Gaussian [5], [4]; and
the transmitted signal X ; at the source node can be decomposed
as

X1=)~(10+X11 (55)

where, for brevity, we define X 11 2 21222_21)( . Based on the
decomposition above and Lemma 3.1, the power constraints on
X1 and X1 are given by

E (iioilo) S (1 — p2)M1 and E (XJ{1X11> S pQMl.

(56)
We can choose the signal X, to maximize the informa-
tion rate for the source—relay link because I(X1;Y1]X2) =
I(X10;Y1). Then the corresponding solution for X1 can be
found by using the water-filling technique [23]. More specif-
ically, let the singular value decomposition (SVD) of H; be
U 1A1V1. Accordingly, the water-filling solution for X ¢ is
given by
X10=ViT1o (57)

where Ty is a circularly symmetric complex Gaussian vector
satisfying
E (T10TY,) = Duo (58)

with Dy being a diagonal matrix (see [23]).
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Now consider the multiple-access link from the source node
and the relay node to the destination node, i.e., (X1,X5) — Y.
We can view this as a MIMO channel with M; + M>
transmit antennas and N receive antennas. Define m =
min(M1 + .2\427 N) Since I(Xl.,XQ;Y) = I(X117X2;Y),
we can choose the joint distribution p(X11, X5) to maximize
the sum information rate for the multiple-access link. To this
end, the received signal at the destination node can be written as

X
Y =[ymH, /izH;] [ Xﬂ +ViH>V1Tio+Z. (59)

Let L ! bea whitening matrix for /nH2V1T10 + Z1, and
define

H,2L'[\/iH, /m:3H3].

Let U wAwva be the SVD of H,,. Rewrite the transmitted
signal as

[X“] =V.Ty (60)

X

where T',, is a circularly symmetric complex Gaussian vector
satisfying

E (T,U,Tfu) - D, 61)
with D,, being a diagonal matrix (see [23]).

Then the sum information rate for the multiple-access link of
the MIMO relay channel is given by

I(X1,X5Y)
— log [det (I ¥ Aq,,D,l,,AI,)] +log [det (LLT)] . (62)

This is a water-filling problem with respect to D,, except that
each terminal has its own power constraint. Let V,,,, denote the
M, first rows of V,,, and V,,, the remaining rows. Then the
power constraints are as follows:

wr (VirDuV5y) = 3 cnlDulon < #Mi - (63)

k=1
ir (VasDuV0s) = 3 enrlDulin < My (64
k=1

where ¢y, is the nonzero eigenvalue of V', V,]L

w, » and cay, is the
nonzero eigenvalue of V,, VL; and [Dy]r denotes the kth
element along the diagonal of D,,,.

The problem can be solved by using the Lagrange dual func-

tion

L0 As) = Y log(1 + [ALAL] (DLl

kk
k=1
+ A\ (Z c1k[Dwlkr — PQM1)
k=1
+ A2 (Z Cor[Duw] ik — Mz) (65)
k=1

where A\; and A\ are Lagrange multipliers.
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Alternatively, we can find a suboptimal solution by first
finding the standard water-filling solution subject to a total
power constraint, following by scaling this to satisfy the indi-
vidual power constraints. That is to say, rewrite

Xll _ alel
|: X2 :| o |:042Vw2:| Tw (66)
where a; and s satisfy
atr|v,, b, vi|=sMm (67)
o2tr|v,, D, Vi,|=m. (68)

Then, we can maximize the achievable rate with respect to pa-
rameter p after plugging Do and D,, into (54).
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